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1. Introduction

2- metric space concept was developed by GahleB]l,2n the way of
development, a number of authors have studied wa@spects of fixed point theory
in the setting of 2-metric spaces. Iseki [4,5] ierpinent in this literature which also
include cho et.al.[6], Imdad et.al.[7],Murthy et[8],Naidu and Prasad [9], Pathak
et.al. [10]. Various authors [11,12,13] used thencepts of weakly commuting
mappings compatible mappings of type(A) and (P)waadkly compatible mappings
of type(A) to prove fixed point theorems in 2-metspace.

Commutativity of two mappings was weakened $8ssa [14] with weakly
commuting mappings. Jungck[15] extended the clas®im-commuting mappings by
compatible mappings,(further Jngck & Rhodes)[16achymski[17] ,Pant[18],
Papa[19], Aliouche et.al.[20],Imdad et.al.[21], ADonia & Atia[22],Popa et.al.[23]
and others.

2. Preliminaries
Let X be a nonempty set. A real valued functiomd<@ is said to a 2-metric if
(D)) to each pair of distinct pointsx,y in X, there exits a point

Z[OX suchthat d(x,y,z)# 0,

(Do) d(X,Y,2z) =0when at least two oK, Y,z are equal,

(D) d(x,y,2) =d(x,2,y) =d(y,z,X),

(Dg) d(X,¥,2)<d(x,y,u)+d(x,u,z)+d u,y,z) for all x,y zulX

The functiond is called a 2-metric on seX where as the paifX,d) stands for 2-
metric space, geometrically a 2-metidk{X, y,z) represents the area of a triangle
with their vertices as X,yand z, As property of 2-metricd is a non-negative

continuous function in any one of its three argutsdiut it need not be continuous in
two arguments.
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Definition 2.1 A sequence[xn} in a 2-metric spac€X,d)is said to be convergent
to a pointX[J X, denoted bylim x, = x, if lim d(x,, x,z) =0 for all zOX.
Definition 2.2

A sequence{xn} in a 2-metric spadeX,d)is said to be Cauchy sequence if
lim d(x,, x,,z) =0 for all zOOX.

Definition 2.3

A 2-metric spacéX,d)is said to be complete if every Cauchy sequencX ins

convergent.
Remark 2.1[9]
Generally a convergent sequence in a 2-metricegp@a ) need not be Cauchy but

every convergent sequence is Cauchy sequence wdrenev 2-metricd is
continuous. A 2-metricd on a set X is said to be weakly continuous if every
convergent sequence undgis Cauchy.

Definition 2.4[8]

Let S and T be mappings from a 2-metric sgaced) into itself. The mappings S

and T are said to be compatibldiif d (STx,, TS, z) =0

for all z[OX,whenever {x,} is a sequence is X such thim S, =lim Tx, =t
for sometIX .

Definition 2.5[22]
A pair of self mappings S and T of a 2-metric sga¢ed)is said to be weakly

compatible if Sx =Tx ( for somex [ X) impliesSTx = TX.

Definition 2.6[8]

Let (S,T) be a pair of self mappings of a 2-mespacd X,d) .The mapping S and T
are said to be compatible of type (A) if
limd (TS, S, z) =limd (STx,, TTx,, z) =0 for all zOX,

When ever{xn} is a sequence in X such tHam & =lim Tx, =t for some tOX.
Definition 2.7[10]

Let (S,T) be a pair of self mappings of a 2-mespacd X,d) .Then the pair (S ,T) is
said to be weakly compatible of type (A) if
limd (STx,, TTx,, z) <limd(TSx,, TTx,,z) and

limd (TSX,, S, z) =lim d (STx,, SX,,z) =0 for all zOX,where {x}is a
sequence in X such thim S, =lim Tx, =t for sometX.

On the other hand Branciari [24] gave a fixed poigult for a single mapping
satisfying an analogue of Banach'’s contractiongipie which is stated as follows,
Theorem 2.1[24]

Let(X,d) be a complete metric spacg][0,1),T : X — X a mapping such that, for

eachx,yOX, [ f(@dt <cf " f(t)at

0
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where f : R* - R"is a Lebesgue —integrable mapping which is sumepaion-
negative and such that for eash» 0. Jj f (t)dt > 0.then T has a unique fixed point

zOX such that, for eackkd X, lim T"x=z

This result was further generalized by Abbas andoddks [25], Aliouche
[26],Gairola and Rawat[27],Kumar et.al [28],Bry&4].

3. Implicit Relations

Let G be the set of all continuous functioBs: R® — R, satisfying the following
conditions: (@) G is decreasing in variables t....tg

(G2) There existhJ(0,1) such that for u,v= Owith

(
o [
(G): jf( o) 4\t < O, impliesu < hy

S(
(Gy) J.o
Let ¢ be the family of such function& and@: R, — R is a Lebesgue- integrable

UV VUU+,0)

#(t)dt < 0, impliesu < hv,

u,u,0,0u 1)

@(t)dt >0, forall u>0

mapping which is summabile.

Example 3.1 Let  Flt,t,....t;)=t,—p max{tz,t3,t4,%(t5 +t6)}
3n 31t .
wherep[1(0,1)and ¢(t) = .Cos for all tinR,.
pt(0,1) ¢() 4(1+t)2 4(1+t)
4. Main Results
Example 4.1 Define Gltyt,,.....ty): R’ - Ras

G(tl,tz,..te):tl—zp(max{tzt3t4%(t5+tg}j Where ¢:R" - Ris an

increasing upper semi continuous function witf0) = 0 and ¢ (t) <t for each t >

0and¢:R, - R is aLebesgue integrable mapping which is summable.
(Gy) : obvious

(G2) : (Ga):
J‘ Sl 37T ~.Cos LIPS 0, ifuzv.then SnM <0,
: a1+t A1) 41+ u-g{u)}

Which impliespy—¢ (u)=0=u=¢(u)<u, which is a contradiction hence,

u<vand u<hv, where hJ(0,1).
(G):(Gp) : Similarly argument in (.
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Gg:

J.oG(UYUVOYOUU) 7 e d>0, : S, Snaﬂ{ A }>0forallu>0
(1+t) 4(1+t 4{ +U-— (u(u}
3n
4L+t)
t0(0, 2) and vanishes at t = 2.

Our aim in this article is to prove a common fixéteorem for a quadruple of
mappings satisfying certain integral type impligtations in 2-metric space. Which
provides the tool for finding the existence of coomrfixed point for two pairs of
weakly compatible mappings.

_ . 3 : .
Remark 4.1 ¢(t)= COG4(1+t) is negative fortJ(2,c) positive for

Now we state and prove our main result.

Proposition 4.1
Let(X,d)be a 2- metric space anil,B,S,T: X — X be four mapping satisfying

the condition
J-G(d(Ax,By,a),d(S(,Ty,a),d(S(,Ax,a),d(Ty,By,a),d(S(,By,a),d(Ty,Ax,a))

) #(t)dt <0 (4.1)
for allx,y [ X and for allall X ,where G satisfies propertiegG,(G,),G; (Gp) and

Gswith ¢: R, - R is a Lebesgue integrable mapping which is summable.
The A,B,S and T have at most one common fixed point

Proof:
Let on contrary that A,B,S and T have two commosedi pointsu and v such that

u#v.Thenby (4,1), we have
jG(d(Au,Bv,a),d(SJ,Tv,a),d(aj,Au,a),d(Tv,Bv,a),d(SJ,Bv,a),d(Tv,Au,a))

#(t)dt<0

p(t)dt <0, for all abX.which contradicts (.

0

G(d(u,v.a),d(uv.a),0,0d(uy a) d(vu a))
OrJ-

0
This providesu = V.

Let A,B,S and T be mappings from a 2-metric sgacgl) into itself satisfying the
following condition : A(X) OT(X) and B(X) O S(X) (4.2)

Since A(X) OT(X), for arbitrary pointx, 0 X there exits a poink, X such that
A%, =Tx. Since B(X)DOS(X), for the point x,. We can choose a point

X, X such thatBx, = Sx,and so on. Inductively, we can define a seque[r}q}‘ in
X such thaty,,, = Ax,, =TX,,.and y,,,= AX,, ,=Tx,, »,n=0,1,2,. (4.3)

2n
Lemma 4.1 If A,B,S and T be mappings from a 2-metric sp(a)éed)into itself
which satisfy conditions (4.1) and (4.2), then

(a) d(yn' yn+1’yn+2) = 0 for e\/ery nON :
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(b) d(yi,yj ,yk) =0 for i,j,kON ,where {yn} is a sequence described by

(4.3)and¢ : R, - R is a Lebesgue integrable mapping which is summable.

Proof (a)From (4.1)

G{d[szmz’Bszvyz )vd(S(21+ZVTX2n+1’y2nf’d((S(2n+Z’AX2n+2’y2 )}
J- d TXZ‘HI’BX2n+1'y2nn)vd(S(2n+Z'BX2n+1’yZn d TX2n+1vAX2n+2vYZnn) ¢(t)dt < O
0

[waz ' Yon+t yZ) c)i( (Yane2:Yon yZn))éj((yZh+1vy2n+2v)yZn )}
or, J- YonsYon+1sYon Y+ Yon+1s Yon Yon:Yan:Yon ¢(t)dt < O

J'G{d (y n+2:Yon+1 Yan ),O,d (Ym+ 2:Y2n+1:Yon ) ,0,0,0}

#(t)dt<0

IG{d(yZh+2’y2n+1’y2n)'O’d(ym+2’y2n+1’y2n)lO!O'd(yZh+2'y2n+1'y2n i

#(t)dt<0

yielding there byd (Y,n,2: Yo Y2 ) = 0, dueto G, . Similarly using (G) we can

show thatd(y2n+1, Yons y2n_1) = Othus it follows thatd(yn, Ya1s yn+2) = Ofor every
nON.

(b) For allald X., let us supposel = d(yn, Youts ya),n =012,....... first we shall
prove that{dn}is a non-deceasing sequence inflom (4.1), we have

G{d[AXZn’BXZnﬂva) 0 (Son TXane1 @), 8(Son A% a),
d(TX 2ne1,BXanen @), 0 (San , BXans a)

(
, +1 (TXane1, AXap s )}
[, APz Ren )] gt )t < 0

YonsYon+, a; d£y2n 1:Y2n, ))d( 2n-1Y2n &

or, j {an Yone1,8),d(Y 2n-1, Yons @ (Y2n~)’2nva;y}¢(t)dt <0

y2n Yone1 ) 3/2n Yon @ y2n 1 Yon, )d(Y5n Y2n+1xa)v}
or, J- Ym 1 Yon+1:Yon )T A\ Y 2014 yZn d(Yane1 Yon )0 ¢(t)dt < O

Yan Vo123V 2n1.Y2n,2).0 (Yon-t . Yon :2).d(Yon  Yaner ),
or, J- EYZn 1 Y2n-1,8 )+dz)’2nv)’2n+1 ,aS,O }¢(t)dt <0
Implying d,, <hd, _,<d,_,(dueto (G,)) Similarly using (G,), we have
d,.,<hd, .Thus d, <d, for n=012,..... It is easy to verify

d(yi,yj,yk)zo fori,j,KON.

Lemma 4.2tet {yn} be a sequence in a 2-metric sgaXed) describe by(4.3),
thend(y,,y,.,,a)=0 ForallaOX .

Proof: As in Lemma 4.1 we havd,,,, <hd, and d,, <hd, _,. Therefore we get
d,<h%d,. So lim d(y,,V,.,,a =limd, =0.
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Lemma 4.3tet A,B,S and T be mapping from a 2-metric sga€ed)into itself
which satisfy conditions (4.1) and (4.2). Then $Iee|uence[yn} describe by (4.3) is

a Cauchy sequence. Whege R* — R is a Lebesgue-integrable mapping which is

summable.
Proof: Since lim d(y,,V,.;,a) =0 by Lemma 4.2, it is sufficient to show that a

sequence{yZn} or {yn} is a Cauchy sequence Xn. Suppose tha{yZn} is not a
Cauchy sequence K, then for everys > Othere exitsall X and strictly increasing
sequences {mk},{nk}of positive integer such that

k<n, <mwithd (y2nk_1, Yom, ,a) > ¢ and d (y2nk ,ym_z,a) <&. We can obtain
lim d(y2nk  Yom, ,a) =¢&,lim d(y2nk + Yom, _1,a)= £,lim d(y2nk+1, Yom, ,a): £.,and

M d(Yae, 10 Yom, 1,8) = €.
Now using 4.1 we have,

. f{ﬂ@:;g;f?;;;;fa))“(f‘ VR s <0
~ Le{gg:::yy::::f?) B i) soco
n - oo, weffave,

[OR

Which is a contradiction to ({& Therefore{yZn} is a Cauchy sequence.
Theorem 4.1-et AB,S and T be mappings of a 2-metric sga¢ed)and
¢:R" - R is a Lebesgue integrable mapping which is summsdttisfy conditions
(4.1) and (4.2). If one ofA(X), B(X) S(X) or T(X)is a complete subspace of X,
then

l. The pair ( A,S) has a point of coincidence.

Il The pair ( B,T) has a pointagiincidence.

Moreover, A,S,B and T have a uniqgue common fixethipprovided both the pairs
(A,S) and ( B,T) are weakly compatible.

ProoflLet {yn} be a sequence defined by (4.3). By Lemma (%lyﬁf} is a Cauchy
sequence X . Suppose that S(X)is a complete subspace Xfthen the
subsequencéyzml} which is contained irS(X)must have a limitz in S(X). As
{yn} is a Cauchy sequence containing a convergent qubsee{yzm}, therefore
{yn}also converges implying the convergence of theesypsnce

{Yook 110

lim Ax,, =lim Bx,,,, =lim Tx,,,,=lim ., ,=z let ud0S{( 2, then U=z If
Au # z, then using (4.1),we have ,
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G{d{Au,BXZH_l,a),dSSJ Tx2n_1,a),d()SJ,Au,a), }
d(TX g1, BXong.),d (U BXy_s ,2),d {TXgng - Au,a) ¢(t)dt <0
0

let n = oo, it gives, Gld(Auza)d(zza)d(z Aua)d(zz ,a),d(z,z,a),d(z,Au,a)}¢(t)dt <0

0

hence, thereforel (z, Au,a) =0 for all all X (due to (G)),hencez= Au=Su.

Since A(X) OT(X), there exists vOT () < such that Tv=z.

By (4.1), we have.
G{d(Au,Bv,a),d(Su,Tv,a),d(Su,Au,a),d(Tv,Bv,a),d(Su,Bv,a),d(Tv,Au,a)}
[ (t)ott

<0

G{d(z Bv a) ,00d(z Bva)d(z,Bv,a)0}
or '[0

#(t)dt<0

Hence, therefored(z,Bv,a)=0 for all aO X ( due to (G).hence z=Bv.So,
Au =Su=Bv = Tv=2z, which establishes (i) and (ii).

If one assumes that T(X) is a complete subspac¥, dhen analogous arguments
establish (i) and (ii). The remaining two case® gisrtain essentially to the previous
cases. If A(X) is complete, therz[0B(X) [0 S(X).Thus in all cases (i) and (ii) are
completely established.

Since A and S are weakly compatible aAdl =Su=z,then ASU = SAu ,which
implies Az = Sz . By (4.1) we have

J-G{d(Az,Bv,a),d(Sz,Tv,a),d(Sz,Az,a),d(TVvBVya)vd(SZvB"’a)'d(TV’AZ’a)}¢(t)dt <0

0
G{d(Az,z,a),(Az,2:2).0,0d(Az 7 a) d(Az 7 a)}
orj

) p(t)dt<0
A Contradiction to (@ if d(Az, Z, a)> 0. Hencez= Az=Sz. Since B and T are

weakly compatible andv = Tv = z then compatible and8Tv = TBv which

implies Bz=Tz Again By (4.1) we have,
J-G{d(Az,Bz,a),d(Sz,Tz,a),d(Sz,Az,a),d(Tz,Bz,a),d(Sz,Bz,a),d(Tz,Az,a)}

#(t)dt <0

G{d(zBza)d ¢ Bz a),00d(zBza),d(z,Bza)}
o,

0

#(t)dt<0

A Contradiction to (@ if d(z, Bz, a) >0. Hence z=Az=Tz . Therefore
z= Az=Sz=Bz=Tz

Which shows that z is a common fixed point of thappings A,B,S and T. in the
view of proposition (4.1), z is the unique commaoed point of the mappings A,B,S
and T.

Example 4.2[23]

Let X ={a,b,c,d} be a finite set of Requipped with natural area function oA. X
Where a= (00),b = (40),c= (80),and d = (01). Then clearly(X,d) is a 2-
metric space. Define the self mappings A,B,S amwth X as follows,
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Aa=Ab=aAc=Ad=b,Ba=Bb=a,Bc=Bd=a,Sa==a,S=c,Sd =band
Ta=Tb=a,Tc=b,Td=c, and ¢:R" - Ris a Lebesgue integrable mapping
which is summable. Notice that

A(X)={a,b} O{a,b,c} =T(X), and B(x)={a,b} O{a,b,c} = S(X) also

A(X), B(X), S(X) and T(X)are complete subspace of X. the pair (A,S) is weakl
compatible but not commuting a8Sc=Db # SAc=a.where as the pair (B,T) is
commuting and hence weakly compatible.

Then conditions of theorem (4.1) is satisfied Wi])h:E. Thus all the conditions of

theorem 4.1 are satisfied amd= (0,0) is a unique common fixed point of A,B,S and
T and both pairs have two points of coincidenceelgra = (0,0) and b = (4,0).
Theorem4.2-et A,B,S and T be mappings from a 2-metric s@(qej)into itself.

If inequality (4.1) holds for all X, y,allX then
(F(S)nF(T))nF(A)=(F(S)nF(T))nF(B)and  ¢:R" -~ Ris a
Lebesgue integrable mapping which is summable.

Proof 1et XD(F (S)nF (T)) n F(A).then using (4.1), we have

jG{d(Ax,Bx,a),d(S(,Tx,a),d(S(,Ax,a),d(TX’BX’a)’d(&'Bx'a)'d(Tx‘Ax'a)}¢(t)dt <0

0

or J'G{ci(x,E%x,a)v()'O“(X Bea) d(xBxa) ’P¢(t) dt<0

Henced (x, Bx,a) = 00adX (duetoG, ) Therefore x = Bx.

Thus( ( ) (T) ( ) ( (S)m F(T))n F(B). Similarly using (@ we
can show that,

(F(S)n F(T))n F(B) O (F(S)n F(T))n F(A). Now with theorem 4.1 and 4.2,
we can follows.

Theorem 4.3tet A B{T}

such that,
IT,(X) O A(X) and T,(X) O B(X),
Il The pair§T,,B) and (T;, A) (iCN) are weakly compatible.

IIl The inequality
jG{d (Tox,T;y,a),d(Ax,By,a),d(Ax,Tox,a),d(By.T,y,a),d(Tox,T; v.a),d(By,Tox,a)}

OND{d be mappings of a 2-metric spzﬁ&@,d)into itself

#t)dt<0
where ¢:R" - R is a Lebesgue integrable mapping which is summdbtegach
X,¥,a « X, OiON,where GOy.(¢ as example 4.1)

0
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Then AB and{'l'i}iDND{o} have a unique common fixed point M provided one of

A(X),B(X) or T, (X )is a complete subspace f.

Now as an application of theorem 4.1, we provenéegral analogue of Bryant [31]
type generalized common fixed point theorem forrfduite families of self
mappings, which is as follows:

Theorem 4.4et{A,A,,....A} {B.B,...B} {S.S,....S,} and
(T

q

spacdX,d)with A=A,A,,...A, B=B,B,...B, $S=5,S...S, and
T=T,T,..... ,Tq so that Let A,B,S and T satisfy conditions (4.h}d&4.2) and

} be four finite families of self mappings on a 2trie

¢:R" - Ris a Lebesgue integrable mapping which is summalflegne of

A(X), B(X) S(X) or T(X)is a complete subspace of X, then
I. The pair ( A,S)sha point of coincidence.
Il. The pair ( B,T)sa point of coincidence.

Moreover, if AA =AA, §§=3S,BB =BB,, 1T, =TT, AS =SA,
andBT,=T,B  For all i jOl,={12..m Kk I10,={12,...p}
r,sOl,={1,2,...0}andu yOI,={ 1,2,..q} . Then for all
(i01,,k0O1,,rO1,and vOl,) A,B,,S, and T, have a common fixed point.

Proof The conclusions (i) and (ii) are immediate as A,By& T satisfy all the
conditions of Theorem 4.1. In view of pair wise cootativity of various pairs of
families {A,S}and{B,T},the weak compatibility of pairs (A,S) and (B,T)ear
immediate. Thus all the condition of theorem 4.for{ mapping A,B,S and T) are

satisfied ensuring the existence the unique comiimed point, say w. Now we need
to show that w remains the fixed point of all tlienponent maps. For this consider

A(AW) =((A, A A A)W=(ALA, AL ((AA)W) = (AL A, A ) (AAW)

=(A AL AL (AcA (AW) = (ALA,, A, ) (AA. (AW)) = ...
= AA(A A, AW) = AA(AL A, Aw)= A(A,)= Aw

Similarly, we can show that

A(SW) = S, (Aw) =S S(S,w) =, (Sw) = S,w,S( Aw) = A (S)

= Aw,B(B.w)=B, (Bw)=Bw

B(T,w)=T,(Bw) =T,w,T(T,w)=T,(Tw) =T,w, and T(B,w) =B, (Tw)=Bw

which show that ( for all i, k, r and VAW and S ware other fixed points of the

(A,S) where asB.w and T ,ware other fixed points of the pair (B,T). Now ireth
view of uniqueness of the fixed point of A,B,S and for all i, k, r and v), we can
write W= Aw =S w=B,w=T,w,which shows that w is a common fixed point of

A,S.,B, andT, for alli,k,r andv.
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By setting A=A..=A =AB=B,..=B =B S,=S5,..75,=S,
and T, =T,...=T, =T one can deduces the following corollary for vasidterates

of A,B,S and T which can also be treated as geimatan of Theorem 4.1 .
Corollary 4.1
Let (A,S) and (B,T) be two commuting pairs of self maugs of 2-metric space

(X,d),such that A™(X) O T9(X) and B"(X) O SP(X), with ¢:R" - Ris a

Lebesgue integrable mapping which is summablesfgati
J-G{d(Amx,B”y,a),d(pr,Tqy,a),d(pr,A’"x,a),d(Tqy,B”y,a),d(pr,B”y,a),d(Tqy,A’"x,a)}

) #(t)dt<0 (4.4)
for all X,y X, and for all all X, where GOy .If one of

A"(X), TYX),B"(X)or SP(X)is a complete subspace of , then A,B,S and T have
a unique common fixed point.
Example 4.3onsider X ={a,b,c,d}is a finite subset of R with

a= (00),b= (40), c=(80), and d = (0) equipped with natural area function
on X . Define self mappings A,B,S and T on X with: R -~ R is a Lebesgue
integrable mapping which is summable, as follows.
Aa=Ab=Ad=a,Ac=b,Ba=Bb=Bc=a,Bd =b,

Ta=Tb=Tc=Td =a,W
and Sa=S=a,<=d =b and
e see thatA*(X) ={a} =T'(X) and B*(X) ={a} = S?(X) and the pairs (A,S) and
(B,T) are commuting.

whereO< p<1.
Then, we verify that contraction condition 4.1 isatisfied for
A?,B?,S? and T asd (A%, B?y, z)=d(a,a,z) = Ofor all x,y,z0 X . Thus all the

condition of corollary 4.1 are satisfied &, B?,S?and T and hence the mappings

A,B,S and T have a unique common fixed point .
Even if, Theorem 4.1 is not applicable in the cohtd this example, as

A(X)={a,b} B{a} =T(X) and B(X)={a,c} B{a,b} =S(X). Moreover, the
contraction condition (4.1) is not satisfied forB&S and T. To eliminate this, we
consider the case,whet= candy =a,wegetl< pma>{1,0,0,0,}.= p

which is a contradiction to the fact that<1. Thus corollary 4.1 is slightly different
to Theorem4.1.
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